In order to study the free vibration of simply supported circular cylindrical shells, an exact analytical procedure is developed and discussed in detail. Part I presents a general approach for exact analysis of natural frequencies and mode shapes of circular cylindrical shells. The validity of the exact technique is verified using four different shell theories 1) Soedel, 2) Flugge, 3) Morley-Koiter and 4) Donnell. The exact procedure is compared favorably with experimental results and those obtained using a numerical finite element method. A literature review reveals that beam functions are used extensively as an approximation for simply supported boundary conditions. The accuracy of the resonance frequencies obtained using the approximate method are also investigated by comparing results with those of the exact analysis. Part II presents effects of different parameters on mode shapes and natural frequencies of circular cylindrical shells.
Introduction
Similar to beams and plates, cylindrical shells are the practical elements of various engineering structures such as pipes and ducts, car bodies, space shuttles, aircraft fuselages, ship hulls, submarines, and buildings. However, analyzing the dynamic characteristics of cylindrical shells is more complicated than analyzing those of beams and plates. This situation occurs mainly because the equations of motion in a cylindrical shell are more complicated. Moreover, in many cases boundary condition effects are hard to apply.
A comprehensive summary and discussion of shell theories, including natural frequencies and mode shape identification, has been done by Liessa [1] in 1973. More recently, adopting a non-linear point of view, Amabili and Paidoussis [2] , Amabili [3] and Kurylov and Amabili [4] have presented noteworthy reviews on cylindrical shell vibration. Many researchers such as Flugge [5] have followed the pioneering work of Love [6] , using his first approximation theory. The Flugge theory is based on the Kirchhoff-Love hypothesis for thin elastic shells. Using this theory, the strain-displacement relations and changes of curvature in the middle surface of a cylindrical shell can be obtained. The simplified Donnell's theory is achieved by neglecting a few terms in the Flugge equations.
Livanov [7] applied love's assumption and used displacement functions to solve the problem of axisymmetrical vibrations of simply supported cylindrical shells. Rinehart and Wang [8] investigated the vibration of simply supported cylindrical shells stiffened by discrete longitudinal stiffeners using Donnell's approximate theory, Flugge's exact theory, and Love's assumption for longitudinal wave numbers. These theories are not only suitable for simply supported end conditions, but they can also be applied to other cylindrical shell boundary conditions such as fixed free [9, 10] , clampedclamped [11] and infinite length ones [12] . In most reports available in the literature, beam functions are used as approximations for the boundary condition effects. Thus, resonance frequencies are obtained through an approximate procedure rather than an exact analysis. The main reason for these approximations is the difficulties posed when actual boundary conditions are applied.
The first part of the present study proposes an exact analytical approach to investigate the free vibration of simply supported cylindrical shells. As mentioned, in conventional analysis, beam functions with similar boundary conditions are used to approximate wave numbers in the axial direction. This approach is considered to be approximate; however, the degree of uncertainty in these approximations is unknown. An exact method is developed, which will consider the actual effects of shell boundaries in order to obtain exact resonance frequencies of a cylindrical shell. The exact method is used to obtain the natural frequencies based on four different shell theories (Soedel, Flugge, Morley-Koiter and Donnell). This method is compared with the approximate method, to study the validity of beam function approximations. The results are also compared with experimental and numerical ones and show good agreement.
Theoretical analysis
As mentioned in the literature, circular cylindrical shells with both ends closed have wide applications in the aviation industry. Moreover, hemispherical shells closed at both ends are broadly used for pressure vessels and storage tanks [13] .
A schematic diagram of a circular cylindrical shell closed at both ends is given in Fig. 1 . The cylindrical shell under consideration has a constant thickness h, mean radius R, axial length L, Poisson's ratiou , density r and Young's modulus of elasticity E . Here, the respective displacements in the axial, circumferential and radial directions are denoted by ( ) 
where
are differential operators with respect to x , q and t.
Different systems of equations are used to model the vibration behavior of circular cylindrical shells. In this paper four of the most common theories, namely: 1) Soedel [14] , 2) Flugge [5] , 3) Morley-Koiter [15] and 4) Donnell's theory [3] , are used to find natural frequencies. It is convenient to define the following differential operators for these theories, respectively: The operators in Eqs. (2)- (5) can be treated as the sum of two operators as done by Leissa [1] :
where D L is the differential operator according to the Donnell theory. MOD L is a modifying operator that differs for each theory and is presented in Appendix A. Moreover, k is the nondimentional thickness parameter defined by
The first attempt at solving Eq. (1) involves the assumption of a synchronous motion:
, (9) in which m l and n are the axial wavenumber and the circumferential wave parameter, respectively. , A B and C are the undetermined constants, and w is the circular frequency of the natural vibration.
Substituting Eq. (9) into Eq. (1), using any of the shell theories given by Eqs. (2)- (5), leads to a set of homogenous equations having the following matrix form: 
in which
are functions of , m n l and a frequency parameter W that is defined as follows:
As an example, for Donnell's theory, 
For a nontrivial solution, the determinant of the coefficient matrix in Eq. (10) must be zero:
The expansion of Eq. (13) will give the following two eigenvalue problems:
• For a given value of m l , there exists one or more proper values for w so that Eq. (13) vanishes.
• For a given value of w , there exists one or more proper values for m l so that Eq. (13) vanishes. Solving Eq. (13) leads to a cubic equation in terms of the non-dimensional frequency parameter 2 W . Thus, for a fixed value of n and m l , three positive roots and three negative roots are yielded for the non-dimensional frequency. The three positive roots are the natural frequencies of the cylindrical shell that can be classified as primarily axial, circumferential or radial. The lowest frequency is usually associated with a motion that is primarily radial (or flexural).
The approximate beam function method
In general, solving the roots of the characteristic equation of Eq. (13) for m l is not possible in closed form. Hence, researchers have often favored towards using approximate techniques. According to previous studies, beam functions are widely used to obtain natural frequencies and approximate displacements for closed circular cylindrical shells. According to the approximate method, for a shell simply supported at both ends, the nature of the axial mode can be defined as:
Substituting Eq. (14) into Eq. (13), the only unknown of the characteristic equation will be the frequency parameter Although this approach is straightforward, it is an approximation for boundary conditions of a simply supported circular cylindrical shell. However, since cylindrical shell vibration is totally different compared to that of beams, it is important to check the accuracy of this approximation.
Thus, an exact analytical technique that uses the boundary condition equations to obtain resonance frequencies is proposed. Results of both the approximate and exact methods are compared with experimental and numerical data.
The exact method
This section presents an exact analysis of the vibration of cylindrical shells. The method can be applied to any of the theories discussed.
At each end of the cylindrical shell, four boundary conditions must be specified. For the simply supported shell the following boundary conditions are imposed:
These conditions restrain the v and w components of shell displacements at their mutual boundaries and will cause negligible internal bending moment M x and membrane normal force N y in the shell as the shell deforms. Using the approach mentioned in Ref. [3] and eliminating the nonlinear terms, the boundary condition equations for a simply supported shell are obtained as follows for Soedel [14] , Flugge [5] , Morley-Koiter [15] and Donnell's theory [3] , respectively:
Substituting the modal displacements into these constraints, leads to a set of eight homogenous equations, expressed as follows:
{ } { } The driving frequencies are obtained by simultaneously solving both the characteristic equations for the 3×3 displacement coefficient matrix, Eq. (13), and the 8×8 boundary condition determinant, Eq. (21).
Results and discussion

Validation of the exact analysis
A Matlab program was written to obtain the resonance frequencies of a shell, using the exact method described in the previous section. First, exact resonance frequencies were obtained based on the Soedel theory. Consider a cylindrical shell with dimensions of L/R = 3, h/R = 1/20 and ν = 1/3. In order to yield the exact frequencies, one has to solve Eq. (21) in terms of the non-dimensional frequency parameter, W . In Figs. 3-7 , the determinant of the boundary coefficient matrix (Eq. (21)) is calculated for constant values of circumferential wave parameter (n = 1, 3, 5, 7, 9). As pointed out in section 2.2, to obtain a nontrivial solution, the boundary coefficient determinant should be equal to zero at the resonance frequency, W . However, as it can be seen by Figs. 3-7 , none of the determinants reach zero. This fact is completely explainable considering the sensitivity of Eq. (21) to W . To obtain the determinant of the boundary coefficient matrix in Figs. 3-7 , a frequency sweep was carried out using steps of 0.001 DW =
. On the other hand, Eq. (21) is very sensitive to frequency variations. Thus, although the determinants represented in Figs. 3-7 should actually equal to zero at resonance frequencies, since the frequency steps are not small enough, they may not make the determinant exactly zero. In Figs. 3-7 , the determinants are not exactly zero at any frequencies, but several minimum points are observed. These minimum points are actual representations of the resonance frequencies of the shell, at which the determinants are zero. However, as discussed in section 2.2, the minimum points should also satisfy Eq. (13) in order to be the resonance frequency of the system. Thus, in Figs. 3-7 , the unmarked minimum points before m = 7 did not satisfy Eq. (13) and are not a resonance frequency. Accordingly, at higher frequencies, higher axial wave parameters (m) occur. Figs. 3-7 are graphical representations of how the exact resonance frequencies are obtained using the method described in this paper. According to the exact method, each minimum point in the diagrams represents a resonance frequency with a specific mode shape.
Next, let us investigate the accuracy of using beam functions as an alternative to the exact method. To study such an approximation, natural frequencies were calculated using two methods: 1) the approximate method (in which λ m = mπ(R/L) 1 -) and 2) the exact method (Eq. (21)). In Tables  1-8 , the values of the non-dimensional frequency parameter W are compared for a simply supported cylindrical shell. Four diverse theories have been applied to evaluate their accuracy. All non-dimensional frequencies are calculated up to the fourth digit. As it can be seen, the approximate beam function analysis yields close results with the least errors. In Tables 1-8 , mode shapes at which the approximate method obtains errors are marked by a (*) sign.
As one can see from the comparisons of Tables 1-8 , there are some minute discrepancies, which can be classified into two groups for all theories: first, those related to the m = 1 modes, and second, the differences related to the Tables 1-8 , as the axial wave parameter m increases, the number of resonance frequencies containing an error decrease. Hence, the approximate method is similar to the exact analysis for errors and so is not accurate for low mode numbers. Thus, it should only be used for high mode numbers with high resonance frequencies.
Comparing the different approximate theories listed in Tables 1-8, the approximate Soedel theory is the most accurate. In contrast, the approximate Morley-Koiter theory yields the highest errors. However, for all theories as the frequency and mode numbers increase, the errors of the approximation decrease.
The exact and approximate methods were applied to the four theories discussed: 1) Soedel, 2) Flugge, 3) MorleyKoiter and 4) Donnell. In Table 9 , the exact and approximate results according to these theories are compared to an experiment held by Farshidianfar et al. [16] . The simply supported circular cylindrical shell investigated in Table 9 is made of aluminum with material properties of E = 68.2 GPa, Pre-processing: includes defining the constructing mesh, elastic and strength properties, element type (Solid 45 for linear isotropic shell and Shell 99 for linear orthotropic shell), layer orientation, thickness for orthotropic shell, and geometrical modeling.
Processing: in this section, the finite element model of the modal analysis is proposed and constructed. Also, boundary condition effects (such as v = w = 0) are applied to the boundary nodes.
Post-processing: this is the final step that presents the results according to the type of FEM analysis.
First, let us study the accuracy of the Soedel exact theory, since it is the main focus of this research. As shown in Table 9 , the exact method applied to the Soedel theory is found be much more accurate than the approximate method. Interestingly, the exact method calculates the fundamental frequency { } , with errors of equal or less than one percent. Although the errors of the exact method are higher than those of the approximate at some resonance frequencies, the difference in the errors are small and negligible. However, the exact analysis has reduced the errors of most resonance frequencies dramatically. For example, at mode shapes of { } ( , ) (2,1), (3, 2) m n = , the 13 percent error of the approximate theory is reduced to less than 1 percent using the exact analysis. On the other hand, some errors exist at low mode numbers for both the exact and approximate methods, especially for { } ( , ) (2, 2) m n = . However, as the frequency increases, the errors decrease. Thus, at high mode numbers, the exact method of the Soedel theory is in complete agreement with experimental and numerical results. Such a trend is also observed for the approximate method; however, with higher errors at low mode numbers. According to Tables 9  and 10 , the Flugge theory is also very similar to the Soedel theory, both in terms of accuracy and errors. Although at low mode numbers the errors of the Flugge theory are higher than those of the Soedel's, the exact results of this theory at high mode numbers have less errors. For example, in modes { } ( , ) (3, 3) , (4, 2) m n = , the exact Flugge theory obtains less errors compared to the Soedel theory. Moreover, comparing results of the exact and approximate methods in the Flugge theory with experimental results, it is observed that the exact method is more accurate in nearly all frequency ranges. Thus, the exact method is a good choice when applied to the Flugge theory. On the other hand, a rather different behavior is observed for the Morley-Koiter and Donell theories. The exact method of the Morley-Koiter theory has high errors in most mode shapes, especially at low mode numbers. Hence, an exact analysis of this theory may not be suitable. The exact results of the Donell theory are more accurate than the approximate method; however, there are a few modes at which the errors increase slightly. The only high error is yielded at mode { } ( , ) (1,1) m n = , in which the error is increased dramatically to 21.7 percent. In conclusion, the exact method im- 1  2  3  4  1  2  3  2  3  2  3  3   1  1  1  1  2  2  2  3  3  4  4  5 proved results of the approximate technique compared to experimental and numerical data. This statement is correct for all theories, except for the Morley-Koiter. The accuracy of the exact method increased at high mode numbers. Generally, the Soedel and Flugge theories yielded the most accurate results compared to experimental data, predicting accurate resonance frequencies in low and high mode numbers.
The FEM results are found to be in strong agreement with the experimental ones as well. Of note, at some mode shapes the FEM is even more accurate than the other theories discussed. In Fig. 8 , mode shapes are reported from the finite element analysis for { } ( , ) (1,1), (2, 4) , (3, 3) m n = modes. Overall, the validity of the exact method was approved with comparison to experimental, numerical and theoretical results. The approximate method was shown to be imprecise at low mode numbers. However, at high mode numbers the approximate technique was in good agreement with experimental and exact results.
Conclusions
The free vibration of circular cylindrical shells with simply supported boundary conditions has been studied using four different thin shell theories: Soedel, Flugge, Morley-Koiter and Donnell. The scope of the investigation was focused upon the exact analysis of natural frequencies. The approximate beam function method was also evaluated. First, a graphical representation of the exact analysis was presented in order to find the natural frequencies of a shell. Next, exact results of the four theories were compared to approximate calculations.
It was observed that, for low mode numbers, the approximate method yields different results than the exact method does, whereas, for high mode numbers, no significant discrepancies were noticed. Moreover, the approximate method based on the Soedel theory obtained better results than the other theories. To check the accuracy of the exact method, experimental and numerical results were compared. According to this comparison, the exact analysis predicted most of the resonance frequencies with errors of less than one percent. In contrast, the approximate method yielded high errors for some mode shapes. 
